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1. Introduction

This research discusses the formulation and a solution
algorithm of the dynamic user optimal assignment consider-
ing effects of physical queues with a given many-to-many
OD pattern. In the dynamic user optimal assignment which
is sometimes called the reactive assignment, vehicles are
assumed to choose their routes based on present instan-
taneous travel times.

2. Network and Traffic Demand

A network consists of links and nodes. Sequential
numbers from 1 to N are allocated to N nodes. The number
of links is L and a link from node i to j is denoted as link
(i,j). A time-dependent many-to-many OD demand is
assumed to be given, which is denoted as

Q;i(t) = cumulative OD demand from origin i to destina-
tion j generated at the origin by time ¢ (given). (1)

The cumulative arrival and departure curves are defined
as follows:

A;j(f) = the cumulative arrivals at link (i,j) by time ¢,  (2)
Dy(t) = the cumulative departures from link (i,j) by time

t. ©)

Ayi(£) = the arrival rate at link (i,j) at time t = dA(f)/dt,
: “4)
wi(t) = the departure rate from link (i,j) at time ¢
= dDy(t)/dt. (%)
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The A,(f) and Ay(f) are unknown variables which must be
determined so as to establish the DUO assignment principle
defined later.

3. Constraints

3.1 Flow Conservation at Ngdes
The first constraint is the ﬂpyv conservation at a node:

o

: (6)

A;(f) = the cumulative arrivals at link (i,j) to destination d
by time ¢,

D;*(#) = the cumulative departures from link (i,j) to des-
tination d by time ¢.

3.2 First In First Out Discipline

Second, under the FIFO discipline, a vehicle must leave

link (i,j) in the same order as its order of arrival at the link.

Thus, the A;(f) and D;(f) must be related to each other

through link travel time T(?):

Ay(t) = Dyt + Ty(H)) or A1) =Dt + Ty(r))  (7)

where Tj(f) = travel time on link (i) for a vehicle entering

“the link at time ¢. Therefore, the link travel time Ty(1) is

written as a function of A;(f) and D;(f)"-?:
Tj(t) = Dy~ (Ay(9)) = t or Ty(1) = D" (A(1) —t. (8)
The derivative of (7) is obtained as

A0 =it + Ty(0) (1 + dTy(0) / db),
where A;%(t) = dA;(f)/ dt and u;(t) = dD;A (1) / dt.
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Since ZIuijd(t) = w;j(r), eventually the departure rate be-

comes:

d .
(e + Ty(0)) = wii(t+Ty(0)) - Al O

Ag) 7

We clearly see the role of the FIFO discipline; that is,

departure rate p;*(t+T;(f)) is controlled not orily by its -

arrival rate A;%() but also by arrival rates to other
destinations ;4 (1)’s, d’#d.

4. Physical Queues

Actual queues have some physical lengths. Once a link is
fully occupied by a queue, the departure flow rate from the
upstream link must be limited to the rate of the downstream
link with the queue. To incorporate this phenomena, we
have to first analyze the shock-wave speed of the congested
flow and then discuss how the departure flow rate should be
adjusted due to a queue downstream.

4.1 Shock-Wave Speed

To analyze the wave propagation, the following variables

are introduced:

F;(x,t) = the cumulative number of vehicles passing at
location x on link (i,j) by time ¢,

fi(x,1) = the flow rate at location x on link (i,j) at time ¢,

k;(x,r) = the density at location x on link (i,j) at time ¢,

where location x means a length toward upstream from the
downstream end on a link. By definition, the derivatives of
flow and density are:

fix,t) = 0 Fy(x,t) / 9t, (10)
ki]»(x,t) =0 Fij(x,t) /2 x. (11)

Furthermore, the flow-density relationship is assumed a
triangle shape as shown in Fig.1 at any time ¢ and location x

on link (i,j), in which the wave speed (& f;;/9 k;) is constant

v; or v';. From the flow conservation, we obtain
I ky(x,t)1 9t =3 fy(x,t)/ I x. (12)
Thus, its derivative dfy(x,) is written as follows:

df(x,t) = 2 fi(x,0)/0 t - dt + O fif(x,1) | D x - dx
= {0 fix,t)/ D1+ 3 fy(x,t) | O x - dx / dt} - dt
= (O fifx,1) 1Ot +0 ki(x,t) / & t - dx | dt} - dt.

On a trajectory with speed of —dx/dt= 3 f;/9 ki,
df;(x,f) hence becomes

Flow fj(x,2)
[veh/unit time]

f’mxlj ........................

Density k;(x,t) [veh/unit length]
Fig. 1 A Flow-Density Relationship on link (i,j).

dfi].(x’t) = {af,-j(x,t) /o l -0 kij(x)t) 1dt
-3 fyx,1) 1 8 ky(x,1)} - di= 0. (13)

This means that flow f;(x,f) does not change on the
trajectory of the backward wave. With a triangle flow-
density relationship, Newell shows an interesting property
in the cumulative curve Fy(x, t)fi;n relation to flow f;(x,t) and
density k;(x,t):

dF,(x,0) | dx = & Fy(x,1) | 9 x + 8 Fy(x,1) 10 t - dildx

= ky(x,t) + fi(x,0) - dildx

= kij(x,t) — fi(x,0) - dky / df;;

= ky(x,0) — fif(x, ) /v’y

= K" (14)
Since the above means that dF;(x,t) / dx takes the same

&

constant value of k”*; independent of location x, we can
draw Fy( ;1) at the upstream end of the link by shifting
D,i(t) = F(0,r) horizontally by — ¢;/v’; and vertically by
k™ - ¢;. In Figure 2, the shifted line D’(¢) is shown and
the intersection of D’;(f) and A() is known as the shock
wave.
4.2 Adjustment of Departure Flow Rate

When a queue fully backs up on a link as for #; to %, in
Figure 2, the departure flow rate from the upstream link
must be limited up to the downstream link capacity. For
point queues, the departure flow rate of vehicles leaving link
(i,j) at t + Ty(t) (entering link (i,j) at time ¢) is defined using
the constant link capacity u;*:

i Ty(®) > €1 vy or Ay(t) > uy™,
st + T4(0) = { (15)

Ai(f), otherwise,

On the other hand, for physical queues, the link capacity

e T T T O e i e
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Fig. 2 Backward Wave Propagation and Vehicle

Trajectories on link (i,j).

cannot be constant because it depends upon traffic condition
downstream. However, the capacity would be determined
based on downstream traffic condition by present time ¢
(independent of future traffic condition). Therefore, in
general, the departure flow rate u;(f) can be written as a
function of arrival rates at all links by time

() = (16)

where  A(t) = (Aii(®), Aa(®)s -oovne s Ay oo ),

although the explicit functional form of wy(A(r)|r <r)
depends on the road geometry as well as traffic condition at
the downstream end of the link.

5. Dynamic User Optimal Assignment

5.1 Outline of the Assignment

Every vehicle is assumed to choose the shortest route to
its destination at any time based on the present instan-
taneous link travel times. Let m;4(¢) be the shortest travel
time from node i to destination d prevailing at time ¢, which
means that 7;,(¢) is the sum of link travel times along the
shortest route piq evaluated at time £ m,(f) = ’EPT,,(t)
Similar to the static assignment, the required condmon for
the DUO assignment is defined such that

mig(t) — ma(t) = Ty(t), if a vehicle with destination d
leaving node i at time ¢ uses link

(©.1) 17)

mig(f) — mig(t) = Ti(1), -otherwise.

According to the definition, the route choice of vehicles is

clearly dependent only upon the instantaneous link travel
times at present time ¢, but independent of the future link )

travel times. Therefore, the assignment is decomposed with

respect to present time t.

At present time ¢, kijd(t’) and ,ui]-d(t’) are assumed: to be
evaluated for every link and destination for ¢ < 1. ‘Let us
consider to determine Aijd(t) for every link and destination.
From (16), w;(t) is first determined and departure rate by
destinationﬂ i () is determined from 9): -

u (t)—u,,(t) —f—% =1+ T@

Slnce the flow conservatlon n’iust be satlsﬁed at node i, the
following result is obtained from(6):

2)\'1] (t) - qzd(t) + 2lukt (t) (18)
where, q,d(t) dQ;(t)/dt (glven) i=1,2,....., N, i #d.

The total arrival rate =A;%(f) can be known because the right
hand side of (18) has been evaluated but individual arrival
rate A,-,-d(t) must be determined through the DUO assign-
ment based on link travel times estimated below. Since the
minimum of link travel time is Z / vij, link travel times at
time ¢ is estimated using the départure flow rate at present
time ¢ : 5 P
Ey
Ti(0) = Dy~ (A1),

= Max [ 4,/ vyj, {Ay(t) — Dy(O)}uy(0)]. (19)

Using the estimated link travel times T(s)’s, the shortest
route from node i to destination d can be determined
without difficulty by a standard shortest route algorithm.
Even if there are two or more equally shortest routes from
node i to d, the total rate of £,%(f) could be loaded onto
one of the shortest routes in ’order to establish the DUO
assignment principle by definition. As the result, A;,(f) for
VY (i,j) and Vd is determined at time ¢.

5.2 A Solution Algorithm

First, the time axis is divided into small intervals of equal
length Ar. The arrival and departure rates of link (i,j), A;(f)
and w;? (1), are assumed constant during [f, t+A?).

step 1: Initialize link flow rates, cumulative curves, link
travel times and present time.
/li,-d(t): = )»,-,-d(O), t<0, V(@) vd,
wi(0): = w;(0), t<0, VG, vd,
Af O = A0, <0, V() vd,
Di(r): = Dy#0), =0, V(ij), Vd,
Tj(1): = Ti(0), t=0, V@),
t :=0.
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Set At as At = Mln Lij ! vy

Determine departure rates ;(t) and ;ul,d(t) from
(16) and (9).

Estimate link travel time Tj(f) from (19).
Determine the total arrival rate at node i for [¢,
t+Af), ZA,,d(t) -At, based on (18).

step 2:

step 3:

step 4:

step 5:
based on the estimated link travel time T,»j(t) and

determine A;,%(f)-At by loading Z)L,,d(t) -At onto ‘a -

link starting from node i on the shortest path as

shown in Fig. 4: if link (i,j) is on the shortest path,
Aif(0)-Ar: = = 4;4(6)-At, otherwise Zero.

Extend A,]d( ) and D;(-) from time # to t+At by

straight lines with slopes 4;(f) and ;' (f) respec-

step 6:

tively as shown in Fig. 4.

If Ty(t)y> ¢/ vy (a queue exists on link (i,))),
extend D’ (-) by shifting D (¢), t <0 =+ At
¢;/ v’ and vertically by k™ £;;

step 7:

- horizontally by —
as in Fig.4.
step 8: Update Back-Up-Flag, vyhlch indicates whether a
queue backs up to the upstream link: if A (14 Ar)
=D’ (t+Af), Back-Up-Flag : =1; otherwise
Zero.
step 9: Update present time as ¢: = t+At and return to
step 2.

In step 1, the small time interval At is set such that At
= Mln ¢;;/ v;; because of the following reason. To determine
departure rate in step 2, the backward wave generated at
the downstream end of link (i,j) at time f should not reach
the upstream end before ¢ + At: At = Min — (;/ V. If the
wave reaches before 1+ At, departure re&éls‘ of upstream links
cannot be evaluated for [¢, t+Af). Also, At should not be
larger than the link travel time because departure rate y,«jd(f)
must be determined for ¢ < 7 < r+At based on 4;(r), £ < t:
At = Mm ¢;/ vy Normally, wave speed in free flow region
v 1s larger than —v’y, we obtain the constraint At = Zt\flz]r)t

4 /v,,<Mm Ll Vi

In step 3 hnk travel time T;(7) is estimated by extending

Dj 4(-) by a straight line with slope uijd(t) as shown in Fig. 3
The estimated travel time is based on the departure rate
during [t, t+Af), and hence the estimate may be different
from the actual travel time experienced by a vehicle

entering the link at time ¢.

Find the shortest path from node i to destination d-
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Fig. 3 Construction of Cur_nuiative Arrival and Depar-
ture Curves on link¥(,j).
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6. Summary and Future Research Needs

Given time dependent many-to-many OD volumes, we
first discuss the formulation of the-assignment so as to satisfy
the flow conservation and the First-In-First-Out queue
discipline. Then, defining the optimal condition, we extend
the discussion with point queues to one with physical queues
based on the kinematic wave theory by Newell.

(Manuscript received, May 8, 1996)
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